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Abstract
In this paper we investigate inﬁnite, locally ﬁnite, connected, transitive digraphs with more than one end. For undirected graphs
with these properties it has been shown that they are trees as soon as they are 2-arc transitive. In the case of digraphs the situation is
much more involved. We show that these graphs can have both thick and thin ends, even if they are highly arc transitive. Hence they
are far away from being ‘tree-like’. On the other hand all known examples of digraphs with more than one end are either highly arc
transitive or at most 1-arc transitive. We conjecture that inﬁnite, locally ﬁnite, connected, 2-arc transitive digraphs with more than
one end are highly arc transitive and prove that this conjecture holds for digraphs with prime in- and out-degree and connected cuts.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Let D(V,E) denote a digraph with vertex-set V (D) and edge-set E(D) ⊆ V (D)× V (D). If not stated otherwise,
digraphs considered in this paper are connected, inﬁnite, locally ﬁnite (i.e. the in-degree d−D(v) and the out-degree d+D(v)
of each vertex v ∈ V (D) are both ﬁnite) and have no loops. Here connected means that the undirected graph underlying
D is connected. By Aut(D) we denote the automorphism group of D. If Aut(D) acts transitively on V (D) then all
vertices have the same in-degree and the same out-degree, which are then denoted by d−D and d
+
D , respectively. For
simplicity reasons the subscript D is omitted whenever the digraph in question is clear from the context. Furthermore,
for a vertex v ∈ V (D) deﬁne N+D(v) = {u ∈ V (D) | (v, u) ∈ E(D)} and N−D(v) = {u ∈ V (D) | (u, v) ∈ E(D)}.
Let s0 be an integer. An s-arc in a digraph D is a sequence (v0, v1, . . . , vs) of s + 1 vertices such that (vi, vi+1) ∈
E(D) for each i, 0 is − 1, and vi−1 = vi+1 for each i, 1 is − 1. If Aut(D) acts transitively on the set of
k-arcs for all k, 0ks, then D is called s-arc transitive. We emphasize that in the context of arc transitivity we call
vertex-transitive graphs 0-arc transitive.
Of course, there exist digraphs D such that Aut(D) acts transitively on the set of s-arcs for some s1, but not on
the vertices of D. If we consider such digraphs (as we do in Proposition 2.1), we do not call them s-arc transitive, we
simply say that Aut(D) acts transitively on the s-arcs of D.
A digraph D is said to be highly arc transitive if Aut(D) is s-arc transitive for all ﬁnite s0. Let P and Q be two
one-way inﬁnite paths (not necessarily directed) in D. P and Q are equivalent in D if there are inﬁnitely many ﬁnite
disjoint paths in the underlying undirected graph, connecting vertices in P to vertices in Q. The equivalence classes of
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all inﬁnite paths with respect to this relation are called the (undirected) ends of D. The concept of ends can be deﬁned in
several different ways; this deﬁnition is due to Halin [6].An end is called thin if it does not contain an inﬁnite collection
of pairwise disjoint inﬁnite paths. Otherwise it is called a thick end. If an end contains at least one directed inﬁnite path
it is called a directed end.
For a connected digraph D, deﬁne dist(u, v) as the distance between vertices u and v in the underlying undirected
graph (dist(u, v) is the length of a shortest path between u and v). Let X now be an inﬁnite connected graph which
might be directed or undirected. The growth function fX(v, n), n0, with respect to some v ∈ V (X) is given by
fX(v, n) = |{u ∈ V (X)|dist(v, u)n}|.
If X is transitive then this function does not depend on a particular vertex v ∈ V (X); therefore we simply denote it
by fX(n).
We say that X has polynomial growth if there are positive constants c and d such that
fX(n)cnd
holds for all n0. It can be shown that there always exist constants c1, c2 and an integer d1 such that
c1n
dfX(n)c2nd
holds for all n0. We call this integer d the growth degree of X. If
fX(n)cn
holds for some constant c > 1 and for all n0, then we say that X has exponential growth.
Since decades, undirected transitive graphs are a topic of great interest. Among the great amount of interesting and
important results on undirected graphs it has been shown that connected, ﬁnite, undirected graphs with valency greater
than two are at most 7-arc transitive (see [19]). This result was extended to inﬁnite, connected undirected transitive
graphs with polynomial growth in [15]. Transitive graphs with polynomial growth are one-ended unless they have
linear growth and hence have exactly two ends. If undirected graphs have more than one end, then transitivity is even
more restricted: It has been shown in [16] that inﬁnite, locally ﬁnite, connected, undirected graphs with more than one
end cannot be 2-arc transitive unless they are trees. Only for one-ended undirected graphs with nonpolynomial growth
no general upper bound on arc transitivity is known.
Considering digraphs the situation is much more involved. There exist k-arc transitive ﬁnite digraphs for each ﬁnite
k0 (see e.g. [10,13]). In addition the inﬁnite highly arc transitive digraphs give rise to interesting structures (see e.g.
[1,4,9,11]) even with applications in permutation group theory [5] and topological group theory [8,12].
Knowing the abovementioned results about transitivity in undirectedgraphs and the fact that there exist k-arc transitive
ﬁnite digraphs for every ﬁnite k0 the following question immediately arises: Do there exist inﬁnite digraphs which
are k-arc transitive for some large ﬁnite k but not highly arc transitive? The answer to this question can be given using
the above introduced concept of growth of a graph.
Let v ∈ V (D). By pk we denote the number of vertices u ∈ V (D) which can be reached on a directed path of length
k from v to u. If D is at least 0-arc transitive, then the value of pk is the same for all v ∈ V (D). The out-spread of D is
deﬁned as
lim sup
k→∞
(pk)
1/k
.
Deﬁning pk to be number of vertices u such that v can be reached on a directed path of length k from u to v, the
in-spread can be deﬁned analogously. In [11, Theorem 2], it has been shown that the out-spread (in-spread) of a locally
ﬁnite arc transitive digraph D is an integer. This immediately implies that D has exponential growth if the out-spread
(in-spread) is greater than 1. If the out-spread and the in-spread are both equal to one, then by [11, Theorem 3], D has
linear growth.
Hence it is clear that digraphs with polynomial growth of degree d2 cannot be highly arc transitive, which gives
an immediate answer to the above question. Also well known constructions of covering graphs lead to graphs with
polynomial growth of some degree d2 which are k-arc transitive for arbitrarily large k. On the other hand it is quite
difﬁcult to imagine graphs with polynomial growth of small degree which are k-arc transitive for large k. So it is natural
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to consider the question if k-arc transitivity of digraphs with polynomial growth is bounded above by the growth degree
of the graph in consideration? An afﬁrmative answer to this question is already hidden in [17].
Finally, we consider the already mentioned result about 2-arc transitive undirected graphs in detail (see [16,
Theorem 3.2]):
Theorem 1.1. If X is a connected, locally ﬁnite, 2-arc transitive, undirected graph with more than one end, then X is
a regular tree.
For directed graphs it is quite easy to ﬁnd examples of even highly arc transitive digraphs with two or inﬁnitely
many ends which are not trees. As we will show in the next section they can even have thick ends as well as thin
ends, a structure far away from trees. Hence we cannot expect far reaching structural results if we investigate digraphs
with more than one end which satisfy certain symmetry conditions. But since regular trees are the only inﬁnite, highly
arc transitive, connected, undirected graphs, we can rephrase the assertion of Theorem 1.1 as ‘then X is a highly arc
transitive graph’.
So, considering connected, inﬁnite, locally ﬁnite digraphs with more than one end, we can only ask if also these
graphs have the property that 2-arc transitivity already implies that they are highly arc transitive? In this paper
we cannot give a complete answer to this question, but we show that this really holds under certain additional
assumptions.
2. The structure of digraphs with high symmetry
In our attempt to characterize inﬁnite, locally ﬁnite, connected digraphs D via properties of the action of Aut(D) on
D, we ﬁrst present some results about the structure—in particular the end structure—of these graphs. We ﬁrst consider
the question if high symmetry of a digraph D implies any restrictions on the ends of D. In particular, it is interesting to
know if such graphs can contain both thick and thin ends. As we will see, there is no unique answer to this question.
There is a difference if we consider directed or undirected ends.
Proposition 2.1. Let D be an inﬁnite, locally ﬁnite, connected, highly arc transitive digraph with more than one end.
Then D can simultaneously have thick ends and thin ends.
Proof. We construct a digraph which has thin directed ends as well as undirected thick ends. Let L denote the integer
lattice which is the undirected graph with all points (i, j), i, j ∈ Z, as vertices where two vertices (n,m) and (r, s)
are connected by an edge if and only if either |n − r| = 1,m = s, or |m − s| = 1, n = r, hold. We now obtain the
directed graph L0 from L by orienting the edges of L as follows: We ﬁrst orient the edges of the two-way inﬁnite path
(i, 0), i ∈ Z, such that we obtain an alternating inﬁnite path starting with the edge [(0, 0), (1, 0)] oriented from (0, 0)
to (1, 0). Then we orient the remaining edges incident with a vertex of this two-way inﬁnite path such that each vertex
either has only incoming or only outgoing edges. Now each vertex of the paths (i, 1) and (i,−1), i ∈ Z, is incident
with exactly one oriented edge. Then we orient the remaining edges incident with vertices of these inﬁnite paths such
that each vertex either has only incoming or only outgoing edges. Continuing in this way until all edges are oriented,
we ﬁnally obtain a graph as in Fig. 1.
We now take inﬁnitely many copies of L0 and attach to each vertex (i, j) of L0 exactly one copy Li,j , i, j ∈ Z, such
that if a vertex (i, j) ∈ L0 has only outgoing edges, then the attached vertex of Li,j has only incoming edges and vice
versa. Then we repeat this process for all attached copies Li,j etc. The graph D we obtain this way has inﬁnitely many
thick undirected ends, namely the copies of L0. Furthermore, the directed paths in each of the copies of L0 all have
length one. The thin ends are all directed and consist of single directed inﬁnite paths which contain exactly one edge
of each copy of L0 such a path meets.
Although L0 is not 0-arc transitive the graph D obviously is 0-arc transitive. Since Aut(L0) acts transitively on the
edges (1-arcs) of L0, Aut(D) clearly also has this property, since we can rotate the edges around a vertex in each
copy of L0. Let (v0, v1, . . . , vk), k1, now be a path of length k1 and assume that D is k-arc transitive. Let L∗
denote the copy of L0 which contains the edge (vk−1, vk) and let L+ denote the copy of L0 which contains the edges
originating from vk . Of course we can still rotate these edges if we ﬁx all vertices v0, v1, . . . , vk . This implies that D
is (k + 1)-transitive. Therefore, D is even highly arc transitive. 
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Fig. 1.
Proposition 2.2. Let D be an inﬁnite, locally ﬁnite, connected, highly arc transitive digraph with more than one end.
Then D cannot have thick directed ends as well as thin directed end.
Proof. We assume that D has directed thin ends as well as directed thick ends. Let P and Q denote a one-way inﬁnite
directed paths which are contained in a thick end and a thin end, respectively. Since D is highly arc-transitive there
exists an automorphism g, such that g(P )=Q (see [11, Lemma 1]). On the other hand, such an automorphism cannot
exist, since P is equivalent to inﬁnitely many pairwise disjoint one-way inﬁnite paths (thick end) and Q is equivalent
to only ﬁnitely many pairwise disjoint one-way inﬁnite paths (thin end). 
The characterization of undirected graphs with more than one end as well as the considerations below use the concept
of a cut which was introduced by Dunwoody (see [2,3]): If the vertex set of a connected graph X can be partitioned
into sets A and B then the set F of edges between A and B is called a cut and A and B are the sides of F. If the subgraphs
X(A) and X(B)—the subgraphs induced by A and B, respectively—are connected, then F is called a tight cut. Let F
and F ′ be two cuts of X with sides A, B, A′ and B ′, respectively. Then we say that F and F ′ cross, if the four sets A∩B,
A ∩ B ′, B ∩ A′ and B ∩ B ′ are all nonempty. A cut F is a minimal cut if for every edge e ∈ F the set F\e is not a cut.
The concept of a cut now enables us to prove the next results.
As mentioned in the introduction it was shown in [16] that undirected graphs with more than one end are trees if
they are at least 2-arc transitive. As Proposition 2.1 shows, we cannot expect to obtain any similar structural result for
directed graphs. But as the next result shows, directed graphs at least contain inﬁnite directed paths, as soon as they
are 2-arc transitive and have more than one end. To prove this fact, we need the following deep result shown in [2] and
an additional lemma.
Theorem 2.3 (Dicks and Dunwoody [2]). Every inﬁnite connected graph X which has a ﬁnite cut with inﬁnite sides
also has a ﬁnite tight cut F such that both sides of F are inﬁnite and such that F crosses no g(F ), where g ∈ Aut(X).
A ﬁnite tight cut satisfying this theorem is called a D-cut. If the subgraph 〈F 〉 induced by F is connected, we say
that F is a connected cut.
To show the following lemma, ideas developed in [16] are adapted.
Lemma 2.4. Let D be a connected, locally ﬁnite, 2-arc transitive digraph. Then no D-cut F contains a directed path
of length 2.
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Proof. Let A1 and A2 denote the two sides of F and let (x, y, z) denote a directed path of length 2 where x, z ∈ V (A1)
and y ∈ V (A2). Since F is a tight cut, there is a vertex v ∈ A2 such that either (y, v) or (v, y) is an edge. We ﬁrst
assume that (y, v) ∈ E(D). Since D is 2-arc transitive, there is a g ∈ Aut(D) which ﬁxes the edge (x, y) and maps
z onto v. Clearly the orbit of 〈g〉 on V (D) which contains z and v is ﬁnite. Let (w0 = z,w1 = v, . . . , wn) denote this
orbit. Hence g also maps one of the wi ∈ V (A2) onto some wj ∈ V (A1), since at least z ∈ V (A1). This implies
that A1 ∩ g(A2) = ∅ holds as well as A2 ∩ g(A1) = ∅. But since g ﬁxes the edge (x, y), A1 ∩ g(A1) = ∅ and
A2 ∩ g(A2) = ∅ also hold. So F and g(F ) cross, a contradiction.
If (v, y) ∈ E(D) then 2-arc transitivity implies that some h ∈ Aut(D) ﬁxes (y, z) and maps x onto v, which leads
to a similar contradiction. 
We mention that 2-arc transitivity really is a necessary condition to prove 2.4 which is crucial for all proofs in this
paper. Fig. 2 shows a 1-arc transitive digraph with connected D-cuts containing directed paths of length 2.
To conclude this section we prove another lemma which is needed for the proofs of the next section. We mention
that the assertion of this lemma has also been proven in [18], even under weaker assumptions. But since paper [18] did
not appear so far, we include the following short proof to keep the paper self-contained.
Lemma 2.5. Let D be an inﬁnite, locally ﬁnite, connected, 2-arc transitive digraph with more than one end. Then D
contains a two-way inﬁnite directed path.
Proof. Let A1 and A2 denote the two sides of the D-cut F and let V (F) = V1(F ) ∪ V2(F ) with V1(F ) ⊂ V (A1) and
V2(F ) ⊂ V (A2). By F1, F2, . . . , Fm we denote the components of 〈F 〉. It follows from Lemma 2.4 that the edges of
each component are all directed either from A1 to A2 or vice versa. Hence we can without loss of generality assume
that all edges of F1 are directed from A1 to A2. Let (x1, x2) ∈ F, x1 ∈ V (A1), x2 ∈ V (A2). Since D is 2-arc transitive,
Aut(D) also acts transitively on vertices. Therefore, the in-degree as well as the out-degree of D are both greater than
0. In addition 2-arc transitivity implies that D does not contain cycles of length 2. Therefore, we can assume that
D contains a 2-arc. Since d−(x1)1 and d+(x2)1, there exist vertices x0 and x3 such that (x0, x1) ∈ E(D) and
(x2, x3) ∈ E(D). In addition, x0 ∈ V (A1) and x3 ∈ V (A2), for otherwise F would contain a directed path of length
2, in contradiction to Lemma 2.4. Since D is 2-arc transitive, there is a g ∈ Aut(D) with g(x0, x1, x2) = (x1, x2, x3).
Hence g(A1) ∩ A1 = ∅, g(A1) ∩ A2 = ∅ and g(A2) ∩ A2 = ∅. Since F is a D-cut, this implies that g(A2) ∩ A1 = ∅
must hold and therefore g(A2) ⊆ A2. Hence g(F ) is a D-cut with sides g(A1) and g(A2), g(x1, x2) ∈ g(F ) and
g(x2, x3) ∈ g(A2) ⊆ A2. So D contains the directed path (x0, x1, x2, x3, x4 = g(x3)) of length 4. Hence there is no
ﬁnite upper bound on the length of the directed paths we construct in this way, which proves that there is a directed
one-way inﬁnite path which starts at x0. But of course we can also continue the path (x0, x1, x2, x3) in the ‘negative’
direction. Hence our assertion holds. 
3. s-Arc transitivity
As we have seen above, from the structural viewpoint digraphs with more than one end and nice symmetry properties
cannot be characterized in a way similar to undirected graphs. But as we mentioned in the last paragraph of the
introduction, it seems that directed and undirected graphs with more than one end at least share some algebraic
properties.
Also in the directed case only examples of graphs with more than one end are known which are either highly arc
transitive or at most 1-arc transitive. Hence we conjecture that this is a general property of these graphs and prove that
this conjecture really holds if the graphs have prime valency and connected D-cuts.
Conjecture 1. A connected locally ﬁnite 2-arc transitive digraph with more than one end is highly arc transitive.
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Fig. 3.
Theorem 3.1. Let D be a connected 2-arc transitive digraph with d+D = d−D = p, where p is prime, with a connected
D-cut F. Then D is highly arc transitive.
Proof. Let F be a D-cut which gives rise to a connected subgraph of D and let A1, A2 denote the two sides of F. Then,
by Lemma 2.4, all edges of F are either directed from A1 to A2 or vice versa. Without loss of generality we assume that
they are directed from A1 to A2 and that e = (x0, x1) is one of these edges. Furthermore we assume that D is at least
2-arc transitive. Then we know from Lemma 2.5 that e is contained in a two-way inﬁnite directed path. In addition the
stabilizer Aut(D)e of the edge e acts transitively onN+(x1). Since p is a prime, there is an automorphism g0 ∈ Aut(D)e
such that 〈g0〉 acts transitively on N+(x1). Thus there is an integer m0 such that g1 = gm00 not only ﬁxes x0 but all
vertices of N−(x1) and 〈g1〉 acts transitively on N+(x1). Furthermore, let {u1, . . . , up−1} = {A1 ∩ N−(x1)}\{x0}. Then
we can again ﬁnd an integer m1 such that gm11 ﬁxes all vertices contained in
⋃p−1
i=1 N+(ui) but 〈gm11 〉 acts transitively
on N+(x1). Continuing this process we ﬁnally get an integer r such that gr0 ﬁxes all vertices of V (F)—since F is
connected and all edges of F are directed from A1 to A2—but 〈gr0〉 acts transitively on N+(x1). Then the mapping g
which ﬁxes all vertices of V (A1)∪V (F) but acts as gr0 on V (A2)\V (F) is an automorphism of D. In addition Lemma
2.5 implies that there exists an inﬁnite path (. . . , x−2, x−1, x0) which is completely contained in A1. Since g acts as
gr0 on N
+(x1), 〈g〉 acts transitively on N+(x1), which immediately implies that D is highly arc transitive. 
If there exists no connected D-cut, the situation seems to be much more involved. Fig. 3 shows a highly arc transitive
digraph with a D-cut which consists of two components, where the edges in one component are directed from A1 to
A2 and vice versa in the other component. As was shown in [9] this graph also does not have property Z. Property Z
means that there exists a graph homomorphism  : D → Z from D onto the two-way inﬁnite directed line, a Cayley
graph of the additive group of integers.
Although the graph presented in Fig. 3 is highly arc transitive, it seems that digraphs not having property Z and not
containing connected D-cuts are good candidates for counterexamples to Conjecture 1.
Using the methods of the proof of Theorem 3.1 we can also prove the following result:
Proposition 3.2. Let D be a connected 1-arc transitive digraph with d+D = p, where p is a prime and let 1d−D <p.
Then D is highly arc transitive.
Proof. Assume that D is k-arc transitive for some k1 and let (x0, x1, . . . , xk) denote a directed path of length k.
Then the stabilizer Aut(D)xk of the vertex xk acts transitively on N
+(xk). Since |N+(xk)| = p is a prime, there is an
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automorphism g0 ∈ Aut(D)xk such that 〈g0〉 acts transitively on N+(x1). As d−D <p holds, there is an integer m0 such
that g1 = gm00 ﬁxes all vertices of N−(xk)—and therefore also ﬁxes xk−1—but 〈g1〉 still acts transitively on N+(xk).
Then we can ﬁnd an integer m1 such that g2 = gm11 ﬁxes all vertices of N−(xk−1) and 〈g2〉 acts transitively on N+(xk).
Continuing this way we ﬁnally obtain an automorphism gk which ﬁxes all vertices xi , 0 ik, but 〈gk〉 acts transitively
on N+(xk), which means that D is k + 1-arc transitive. Hence D is s-arc transitive for all s1 and therefore highly arc
transitive. 
Of course Proposition 3.2 also holds if we assume that d−D is a prime p and d
+
D <p.
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